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Abstract 



Double field theory provides T-duality covariant generalized tensors that are natural 
extensions of the scalar and Ricci curvatures of Riemannian geometry. We search for 
a similar extension of the Riemann curvature tensor by developing a geometry based 
on the generalized metric and the dilaton. We find a duality covariant Riemann tensor 
whose contractions give the Ricci and scalar curvatures, but that is not fully determined 
in terms of the physical fields. This suggests that a' corrections to the effective action 
require a' corrections to T-duality transformations and/or generalized diffeomorphisms. 
Further evidence to this effect is found by an additional computation that shows that 
there is no T-duality invariant four-derivative object built from the generalized metric 
and the dilaton that reduces to the square of the Riemann tensor. 
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1 Introduction 

Among the celebrated dualities of string theory T-duality is arguably the most intriguing, for it 
directly hints at novel geometrical structures, transcending the usual framework of differential 
geometry. Recently, a so-called double field theory has been constructed that manifests some 
of these features at the level of space-time theories for the massless sector of string theory. 
Specifically, here the space-time coordinates are doubled in order to realize the 'T-duality 
group' 0{D,D) geometrically, while introducing an 0{D,D) covariant constraint that locally 
removes the dependence on half of the coordinates [1 3J. (See f3W26] for previous work and 
further developments.) 
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The formulation of double field theory that is perhaps the most intuitive and which will be 
used throughout this paper is the generalized metric formulation. The generalized metric Hmn 
is the 0{D, D)-valued symmetric tensor 

V - ( -'^'^'^ ] (11) 

\0ik9 Qij - OikQ bij J 

which combines the space-time metric gij and the Kalb-Ramond two-form bij. Here, M, N, . . . = 
1, . . . , 2D are fundamental 0{D, D) indices, where D denotes the total number of space-time 
dimensions. Being an element of 0{D,D), the generalized metric satisfies 

n^'^TiKN = , (1.2) 

where 




and 7]^^ is the 0{D, D) invariant metric that will be used to raise and lower 0{D, D) indices. 
The theory also includes the duality invariant dilaton field d related to the standard dilaton (j) 
via the field redefinition e"^'^ = y^e"^*^. 

Double field theory features a gauge symmetry parameterized by an 0{D,D) vector pa- 
rameter = that combines the diffeomorphism parameter and the 6- field gauge 
parameter ^j. We will refer to this gauge symmetry as 'generalized diffeomorphisms'. It acts 
on the fundamental variables as: 

(1.4) 

where du = {d^,di) is the partial derivative with respect to the doubled coordinates X^^ = 
(xj, X*). We see that e"^*^ transforms as a scalar density. The transformation rule in the top line 
of (II. 4p defines a generalized Lie derivative S^T-Lmn = C,(T~iMN, that can be defined similarly for 
arbitrary 0(D, D) tensors. An 0{D, D) tensor transforming under generalized diffeomorphisms 
with a generalized Lie derivative is called a generalized tensor. The double field theory action 
can be written as 

S = j dxdxe~'^'^n{U,d) , (1.5) 

where TZ is an 0{D,D) invariant function of Ti and d that is a generalized scalar, 

6(R{n,d) = (^dpn{'H,d), (1.6) 

making the gauge invariance of (jl.Sp manifest. In order to verify the gauge variation (|1.6p the 
following 'strong constraint' is required: 

V^'^'dMdN = d^'dM = , (1.7) 

when acting on arbitrary fields and parameters and all their products. This constraint implies 
that locally all fields depend only on half of the coordinates, e.g., only the x*. 
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The scalar TZ can be viewed as a generalized scalar curvature: it reduces to the scalar 
curvature when we set b = (p = and choose the duality frame d = 0. Moreover, the variation 
of (jl.Sp with respect to Hmn gives rise to an 0{D,D) tensor lZMN{T~i-,d) that is in fact a 
generalized tensor and can be viewed as a generalized Ricci tensor; its non-vanishing components 
reduce to the Ricci tensor when we set h = (j) = Q and choose the duality frame 5 = 0. Given 
this similarity with the corresponding tensors of Riemannian geometry it is natural to look for 
a systematic way to construct these curvatures starting with Christoffel-like connections and 
a generalized version of the Riemann tensor. Indeed, it would be useful to have a T-duality 
covariant generalization of the full Riemann tensor in order to write general higher-derivative 
or a' corrections to the effective action. 

In searching for a generalized four- index Riemann tensor TZmnpq it is useful to make a list 
of properties that we may want this tensor to satisfy: 

1. It is a tensor under 0{D, D). 

2. It is a tensor under generalized diffeomorphisms. 

3. It gives the generalized tensors TZmn and TZ upon suitable contractions. 

4. It is expressed in terms of the physical fields Hmn and d. 

Property (1) ensures proper behavior under T-duality and property (2) ensures proper behav- 
ior under gauge transformations. Property (3) implies that, as in Riemannian geometry, the 
Riemann tensor contains the information in Ricci and the information in the scalar curvature0 
Property (4) means that the tensor is 'physical', or fully determined. We could also demand 
some additional properties that would establish a close relation of TZmnpq to the familiar 
Riemann tensor. In analogy to the situation with TZmn and TZ we could demand that 

(A) For b = (j) = and d = some components of TZmnpq reduce to the Riemann tensor. 

If property (4) holds, property (A) has a clear meaning. If property (4) does not hold some 
components of TZmnpq niay be determined and some may not; we need only study the former 
to test (A). 

Some time ago Siegel developed a vielbein formalism with a local GL(D) x GL{D) tan- 
gent space symmetry [1]. Introducing connections for this tangent space symmetry he defined 
invariant curvatures, but not all connections can be expressed in terms of the physical fields 
by imposing covariant constraints. The scalar curvature and Ricci tensor can be defined in a 
way that is independent of the undetermined connections, but there does not appear to be an 
uncontracted Riemann tensor that depends only on physical fields. Interestingly, in Batalin- 
Vilkovisky quantization, a formalism based on antisymplectic geometry, a similar phenomenon 
occurs: connections exist for which their undetermined components drop out of the curvature 
scalar ^28j. 

In this paper we will revisit these issues in a purely metric-like formalism. We work solely 
with the generalized metric T-Lmn and the dilaton and there are no additional gauge redun- 
dancies. This is equivalent to Siegel's formulation and may be derived from it by imposing a 

^The analogy with Riemannian geometry is not complete: there is no contraction of TZmn that gives TZ. 
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vielbein postulate that relates the Christoffel-like connections to the spin-connection [7]. This 
will be briefly explained in the appendix. We find it simpler and more illuminating, however, to 
present the metric-like formalism in a self-contained fashion. A closely related formulation has 
been developed before in useful papers by Jeon, Lee, and Park [18KT9]. Many of our results have 
a direct analogue in the frame formalism of Siegel and some have appeared in |18yi9] . Finally, 
generalized geometry [27] also features closely related connections and curvatures; see [26] for 
a recent concise exposition. 

We investigate systematically within the formalism if there is a TZmnpq that satisfies the 
properties listed above ((1) through (4), and (A)). Our investigation confirms the existence of 
a duality covariant generalized Riemann tensor that determines TZmn and TZ. Thus properties 
(1), (2), and (3) hold. We find, however, that TZmnpq is not fully determined in terms of the 
physical fields: property (4) does not hold. We show that this is a simple consequence of an 
algebraic Bianchi identity of the Riemann tensor. In fact, property (A) does not hold either: 
the components of TZmnpq that do not contain undetermined connections are zero. 

The generalized metric formulation differs from Riemannian geometry in that the metric is 
a constrained object; it satisfies (jl.2p - (|1.3p . As a consequence, there are projectors 

Pm"" = liSM^'-nM'') , = ^(5M^+^Af^) , (1.8) 

satisfying P + P = 1, PP = 0, P^ = P and P^ = P. They allow us to project onto a 'left- 
handed' or 'right-handed' subspace. This is the analogue of the factorized tangent space group 
GL{D) X GL{D) in the frame formulation, and equivalence of the two formalisms then requires 
the projectors to be covariantly constant. Jeon, Lee and Park [181119] postulate an expression 
for the Christoffel symbols in terms of the physical fields that satisfies this condition. The 
resulting 'covariant derivatives', however, do not transform covariantly in general, but only for 
certain projections and contractions. The reason is that the imposition of covariant constraints 
only determines part of the connections, and their ansatz effectively sets the undetermined 
connections to zero, thereby violating covariance. Here we follow a somewhat different route. 
As in the frame formalism, we work with proper connections and fully covariant expressions 
by keeping those connection components that are not determined by the physical fields. For 
the final results on Ricci and scalar curvature tensors for which the undetermined connections 
drop out, our results are in full agreement with the most recent work |19] . We also establish 
differential Bianchi identities that have not appeared before in such a metric-like formalism. 

An important motivation for this work was the construction of higher-derivative or a' cor- 
rections involving the full Riemann tensor. Thus, in the second part of this paper we ask 
if there is a manifestly 0{D,D) invariant function of the generalized metric ()l.ip . quartic in 
derivatives, that reduces to the square of the Riemann tensor in some T-duality frame. In fact, 
even if there is no physical TZmn pq , one can imagine an expression that reproduces the square 
of the Riemann tensor, but is not the square of an 0{D,D) tensor. We find, however, that 
for general D such a construction is impossible, showing that generic a' corrections cannot be 
written in terms of the generalized metric defined in terms of g and b as in (jl.ip . 

In hindsight, this result is not too surprising in view of similar results obtained for di- 
mensionally reduced theories. It has been shown by Meissner that a'-corrected supergravity. 
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reduced to one dimension, can be written in a T-duality invariant way if the formula for the 
generahzed metric in terms of the physical fields receives a' corrections [29] . We discuss in the 
conclusions the possible implications of this fact for our analysis. 



2 ChristofFel connections and invariant curvatures 



In this section we introduce Christoffel-type connections and determine their transformation 
behavior by requiring that they give rise to derivatives that are covariant under generalized 
diffeomorphisms. In terms of these connections we define an 0{D, D) covariant Riemann tensor 
that is also a generalized tensor. Next, we impose covariant constraints on the connections in 
order to express them in terms of the physical fields. It turns out that this leaves undetermined 
components, which we analyze systematically. 



2.1 Connections and curvatures 



0{D, D) tensors are said to be generalized tensors if they transform with generalized Lie deriva- 
tives under generalized diffeomorphisms parametrized by The generalized Lie derivative is 
defined on generalized vectors as 

5.A^' = C.A^' = ^""dNA^' +(d^'CN-dNe')A'' , 

(2.1) 

6^ Am = C^Am = ^""OnAm + {Om^'' - d''Uj)AN , 

and is defined similarly on tensors with an arbitrary number of upper and lower 0{D, D) indices. 
For a generalized scalar S the generalized Lie derivative is just given by the transport term. 
The partial derivative of a scalar is a generalized vector since 

5^{dMS) = dMifdpS) = edp{dMS) + dMe dpS-d^'iMdpS , (2.2) 



where we are allowed to add the last term because it vanishes by the constraint (II. 7p . Next, 
we define a covariant derivative of a vector by introducing a connection F: 

Vm^at = OmAn — Tmn^ Ak , 

(2.3) 

VmA^ = dMA^ + Tmk^'A^ . 

The transformation property of the connection is determined by the condition that the above 
derivatives be generalized tensors. A short calculation shows that one must have 

S^Tmn'' = C^Tmn'' + dMdN^'' - dMd^'iN . (2.4) 

The first two terms on the right-hand side are familiar and the last one is due to the extra terms 
in the generalized Lie derivative. That last term implies that the connection cannot be chosen 
to be symmetric in its first two indices M and N . We will let denote all non-covariant terms 
in a trasformation law: 5^W = C(W + A^VF, for any 0(D, D) tensor W . We then have 

I^^Tmnk = 2dMd[N^K] , (2.5) 
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where, as usual, we raise and lower all indices with rj. 

Given these connections we can define curvature and torsion through the commutator of 
covariant derivatives, 

[Vm, VAfj^i^- = —Rmnk^^l — Tmn^^l^k- (2.6) 

One finds 

Rmnk^ = Qm^nk'" — QnTmk^ + ^mq^^nk'^ — ^nq^^mk'^ , 

(2.7) 

J MN — ZL [MN] ■ 
By definition R is antisymmetric on the first two indices, 

Rmnk^ = —Rnmk^ ■ (2.8) 

There will also be an antisymmetry in the last two indices after the imposition of constraints. 
Lowering the L index in Rmnk^ we have 

RmNKL = Qm^NKL — Qn^mKL + ^MQL^NK^ — ^ NQL^ MK^ ■ (2.9) 

It turns out that neither R nor T is a generalized tensor. The non-covariant transformation 
of the torsion tensor follows directly by applying ()2.5p to the definition in ()2.7p . The non- 
covariant transformation of R follows by a slightly longer but straightforward computation. In 
total, one finds 

(2.10) 

^{Tmn = -2d d[MiN] ■ 
While each of the two terms on the right-hand side of (|2.6p fails to transform covariantly the 
sum must since the left-hand side is manifestly covariant. This can be readily checked; acting 
with on the right-hand side of (12. 6p gives 

-^^Rmnk^ Al - A/tTmn^ VlAk = 2 d^Md^^N] ^pk^ Al + 2diMd^^N] {OpAk - Tpk^Al) , 

where use was made of (I2.10p . The term with a dpAx vanishes by the strong constraint and 
the other two terms cancel each other so that, as expected, 

A^{-Rmnk''Al-Tmn''VlAk) = 0. (2.11) 

Although Rmnkl is not a generalized tensor it can be made so by the simple following 
modification. Note that the first equation in (j2.10p can be written as 

^^RmNKL = -2dQdiMiN]'^^KL = - (A^rQMiv) r^KL , (2.12) 

by use of ()2.5p . This equation makes it easy to see that TZmnkl, defined by 

TImnkl = Rmnkl + Rklmn + ^QMN^^ KL , (2.13) 

is a generalized tensor. By definition IZ is symmetric under the interchange of the first and 
second pair of indices: 

TZMNKL = TIklmn ■ (2.14) 

The antisymmetry Rmnkl = —Rnmkl in the first pair of indices does not immediately carry 
over to TZmnkl but it will after the imposition of constraints on the connection. 



6 



2.2 Constraints on the connection 



We now impose four constraints in order to determine part of the connections in terms of the 
physical fields % and d. These constraints follow from the constraints of Siegel's frame formalism 
given in [4j, as will be reviewed in the appendix, and are also satisfied by the connection-like 
objects postulated in [19j. The first two set some components of the connection equal to zero 
and do not involve % or d. The third constraint involves % and the fourth involves the dilaton 
d. As we will see in the following section, the connection is not fully determined by these four 
constraints. 

(1) Covariant constancy of r]MN'- 

^MVNP = duVNP-'^MN'^riQp-TMp'^ilNQ = => Tmnp+'^mpn = , (2.15) 

where we recall that r/ is a constant matrix and that indices are lowered with rj. This 
equation means that the connection is antisymmetric in the last two indices. 



MNP = —i- MPN 



(2.16) 



(2) Generalized torsion constraint: We demand that the generalized Lie derivative of a vector 
can be evaluated with an identically looking formula where partial derivatives are replaced 
by covariant derivatives, 

C^Vm = ^''dNVM + 2d[MCN]V'' = ^''VnVm + 2V[m^n]V'' = C^Vm ■ (2.17) 

Here denote the generalized Lie derivative with d replaced by V. Put differently, we 
are setting to zero a generalized torsion tensor T defined by ^26j 

(ff -£^)yM = Tmnk^^'v'' . (2.18) 



A short calculation gives [18] 

TmNK = ^MNK — ^NMK + ^KMN = TmNK + ^KMN- (2-19) 

As defined in (|2.18p Tmnk is manifestly a generalized tensor, and this can also be checked 
directly with (|2.5p . Our constraint sets this generalized torsion to zero: 

Tmnk = '^mnk — ^nmk + '^kmn = . (2.20) 

Using constraint (1) we find that the sum of cyclic index permutations vanishes: 

^MNK + ^nkm + '^kmn = 0. (2-21) 

This property, given constraint (1), is equivalent to the condition that the totally anti- 
symmetric part of the connection vanishes: 

^[MNK\ = • (2.22) 

(3) Covariant constancy oH-Lmn'- 

V mT-Lnk = duT-iNK — ^MN^T-LpK — ^mk^T-Lnp = . (2.23) 
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(4) Partial integration in presence of dilaton density: 

Jc-^'^VVmV^^ = - j e-'^'^V^VuV . (2.24) 
This condition results in 

Tm = Tnm^ = -2dMd. (2.25) 

Equivalently, this condition means that the covariant divergence of a vector is computed 
using the density e~^'^: 

VmV^' = dMA^^ + rMK^'A^ = e'^dMie-^^A^'). (2.26) 

2.3 Solving the constraints 
2.3.1 The first constraint 

We can derive a number of conclusions from constraint (|2.15p that states the covariant constancy 
of the 0{D,D) metric ijmn- This constraint makes the connection antisymmetric on its last 
two indices. Now consider the curvature Rmnkl in (|2.9p . Using the antisymmetry condition, 
the last two terms are rewritten as 

Rmnkl = Qm^nkl — Qn^mkl — ^mlq^nk^ + ^ mkq^ nl^ , (2.27) 

making it clear that Rmnkl is now also antisymmetric in the last two indices. Since it is also 
antisymmetric in its first two indices we have in total 

Rmnkl = —Rnmkl = —Rmnlk ■ (2.28) 

Still, there is no simple relation between Rmnkl and Rklmn- It also follows from the above 
and (j2.13p that TZ shares those same symmetries, 

TImnkl = —TInmkl = —TImnlk ■ (2.29) 

Together with (|2.14p we see that TZmnkl satisfies the familiar properties of the Riemann 
tensor. One missing property, the algebraic Bianchi identity, will follow after the imposition of 
the second constraint. 



2.3.2 The second constraint 

Let us now see what conclusions follow from the vanishing of the generalized torsion. First, we 
note that the formula for the torsion in terms of the connection can be simplified. With (j2.19p 
it follows from Tmnk = that 

Tmnk = —^KMN ■ (2.30) 
An important consequence of the first two constraints is that we have the Bianchi identity 

T^[MNK]L = ) (2-31) 
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as also noted in [19]. Given the symmetries (j2.29p . this is equivalent to 



TImNKL + T^NKML + T^KMNL = . (2.32) 

In Riemannian geometry this formula follows directly from the expression for the Riemann 
tensor in terms of a torsion- less connection. In the present case the equation requires 

Rmnkl + Rnkml + Rkmnl 
+ Rklmn + Rmlnk + Rnlkm (2.33) 

+ ^QMn'^^ KL ML+^QKM^^NL = 0. 

This equation is readily verified using (|2.7p : there are twelve terms of the form dT that combine 
into four groups of three terms that vanish separately, there are fifteen TT terms that combine 
into three groups of five terms that vanish separately. 

Finally, we derive a formula for the exact variation of TZmnkl upon a finite variation 
r — )■ r + (5r of the connection. Beginning with ()2.9|) . a short calculation gives 

RmNKlO^ + = RMNKhiX) + '^^\M^'^N]KL 

(2.34) 

In obtaining the above we only had to use the antisymmetry of the connection in the last two 
indices (constraint 1). The covariant derivatives on the above right-hand side use T. To obtain 
the analogous result for TZmnkl we use the above and ()2.13p . This time a short calculation 
gives 

'^MAfXL(r + 5r) = TZMNKhiX) + '^'^ [M^'^ N]KL + '^'^ [K^'^ L]MN 

(2.35) 

+ '^^^[M\QL\5^N]K^ + '^5^[K\QN\5^L]M^ + 5TqmN SV'^ KL ■ 

In deriving this result we had to use the second constraint in the form (j2.2ip . Note that the 
terms of the form T5T in R{r + 5T) cancel out in IZiV + ^F). 

2.3.3 The third constraint 

The constraint ()2.23p demands the covariant constancy of the generalized metric. To explore 
immediate consequences of this additional constraint consider the projectors (jl.Sp 

Pm^ = ^(^Af^-^Af^) , Pm'' = ^(<5a/^+^a./^) , (2.36) 

which satisfy 

PP = 0, P"^ = P , p"^ = p . (2.37) 

Since r] is covariantly constant by constraint (1) and T-L is covariantly constant by constraint 
(3), the projectors are also covariantly constant: 

VkPh"" = VkPm^ = 0. (2.38) 
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We now discuss how to use this result to solve completely the constraint. For this purpose 
we will introduce a notation for indices that are projected. We will have two kinds of indices: 
barred, with a dash on top, and un-barred, or more properly, under-barred, with a dash below. 
The index type depends on the projector that is used to obtain it from the un-projected index. 
The barred index is associated with the P projector and the under-barred index is associated 
with the P projector. Thus, we will have 



Wm = Pm^Wn. 
= Pm'^Wn. 



(2.39) 



Note that this implies that 



Wm = Wm + Wj^. (2.40) 
We raise or lower projected indices with the metric rj: 

W^ ^ ti^'^Wq = v^'^Pq^'Wn = P'^'^Wn, 

W^ = ti^'^Wq = r?^^PQ^WAr = P^^Wat , 



(2.41) 



so that one can simply use the projector with indices up or down to define a projected index. 
Contraction of projected indices of different types vanish. For example, 

W^Ym = 0. (2.42) 

Contraction of like-wise projected indices can be done with a single projector: 

W^Yj^ = P^'^Pm'^WqYr = P^'^WqYr, 

W^Ym = P^^Pm^WqYr = P^^WqYr. 



(2.43) 



A contraction of unprojected indices can be written as a sum of contractions of like- wise pro- 
jected indices. Indeed, 

W^Ym = {W^ + W^){Ym + Yj^) = W^Ym + W^Yj^. (2.44) 

We will occasionally use tensors with mixed indices. So for example, we could have an object 

Wmnk = Pn^Wmqk. (2.45) 

There is no possible confusion: an index without a bar or under-bar is unprojected. As a 
final remark on the use of these indices we note that in any tensor equality with a number 
of free unprojected indices (appearing both on the left-hand side and the right-hand side) we 
can simply replace any unprojected index by like-wise projected indices on both sides of the 
equality. Thus, for example, Wmn = Ymn implies W^j^ = ^mni ^ '^^^^ ^ several other 
equalities. 

When dealing with objects with projected indices, we will say that the object is of type 
(A;, I) if it has k under-barred indices and I barred indices. Thus, for example, given an 0(D, D) 
tensor Amnp we have 

Type (3,0): Amnp, Type (2, 1) : A j^j^p , Aj^f;ip , Aj^j^p , eic. (2.46) 
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Let us now consider the connection Tmnk- By repeated use of ()2.40p on each index we have 

'^MNK = '^MNK + '^MNK + '^MNK + ^MNK 

(2.47) 

+ ^MNK + ^MNK + ^MNK + ^MNK ■ 

From the comments above it follows that the symmetries of T arising from the first two con- 
straints carry over to the projected T. Thus, for example, ^mnk — ~^ mkn- The cyclicity 
condition on the three indices also holds for any choice of index type. 

Using the symmetry conditions on T we can rewrite (j2.47p as follows: 

^MNK = ^MNK + ^MNK ~ ^MKN ~ i~^NMK + ^KMn) 

(2.48) 

~ i^NKM ~ ^KNm) + ^MNK ~ ^MKN + ^MNK ■ 

We then regroup the terms to find 

^MNK = ^MNK + ^MNK 

+ ^MNK ~ ^MKN ~ ^NKM + ^KNM (2.49) 
+ ^MNK ~ ^MKN ~ ^KMN + ^NMK ■ 

This shows that there are just four structures that need to be determined: 

^MNK , ^MNK > ^MNK ' F^^jyi? • (2.50) 

As we will now see, the covariant constancy of the projector determines the last two of these 
and leaves the first two undetermined. Indeed, consider the equation 

VmPk"- = dMPK"- - Tmk'^Pq'' + Tmq''Pk'^ = 0. (2.51) 

We write this as 

duPKL+Pl'^TMQK + PK^TMQL = 0. (2.52) 

Multiplying by Pn^ the last term drops out and we get 

Pl^Pn^Tmqk = -Pn^OmPkl = -{PdMP)NL, (2.53) 

or, equivalently, 

^MLN = -{PdMP)NL. (2.54) 

Acting with an additional projector we obtain, 

^RLN = -PRHPdMP)NL, 
"^RLN = -PR^HPdMP)NL. 



(2.55) 



This determined the advertised components. The totally under-barred component Tmnk of 
Tmnk is not determined because it drops out of (|2.52p . Indeed note that 

Pl^Tmqk + Pk^Tmql = Tmlk + Tmkl = 0, (2.56) 

because of antisymmetry on the last two indices. Of course, the totally barred components 
^MNK ^Iso not determined. 
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2.3.4 The fourth constraint 

This constraint determines the trace of the connection: 

= TmnkV^'"' = -2dNd. (2.57) 
To begin the analysis we compute the left-hand side of this relation using (12.49P . We get 

Vn - V i-MNK + ^ ^MNK-V ^MKN + V ^ M NK ^ {l.b'S) 

where we noted that contractions of ry with V are nonzero only if the two indices to be contracted 
in the projected T are of the same type. Moving the undetermined components to the left-hand 
side and recalling (I2.40p we obtain 

ri'''^TMNK + ^''''^MNK = r^-Z'^'r^TVi? + - 7?*^^?^^^^ . (2.59) 

From the above we obtain two equations for the two undetermined components, according to 
the type of index: 

V i MNK — i-N — ^ i M NK = 'PN ■ 

(2.60) 

V ^ MNK — J- AT — r? ^MNK = Vn ■ 

Note that 4>n and 4)f} are projected objects. It is useful to show that they arise from a single 
object (/)7v- This is what we do now. We begin with (/jtv and use (|2.55p : 

(t>N = Pn'^Tr + V^'''PM'^{PdQP)KN 

= Pn'^Tr - P''^{{dQP)P)KN 

= Pn^'Tr - {dQPKR)PN'' 

= PN^'iVR - PqkB'^P^r) = PN^'iVR - {Pd'^P)QR 



(2.61) 



We note that in the final expression the reversed index combination [Pd^ P)rq would give zero 
contribution due to the Pn^ projector. We can thus write, 



(I^N = P^^(Fr - 2(P5Qp)[Q^]j . (2.62) 
A completely analogous calculation gives 

,/.jv = pN^'ivR - 2(Pa«P)[QR]). (2.63) 

We can easily verify that the terms in parenthesis in the two equations above are equal. Indeed, 

PdQp = -{l-P)d^P = -d^P + Pd^P {Pd^P)[QR] = {Pd^P)[QR]. (2.64) 
We can therefore write 

(f>N = Pn^<Pr, <Pn = PN^(t>R, with (l>R = -2{dRd+{Pd^P)iQR]) . (2.65) 
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Let us now resume the analysis of equations (j2.60p . A solution of these equations is of the 
form 

'^MNK = aPM[NPK]'^4>Q = » Pm^ P[N^ Pr]'^ mL4'Q , 

(2.66) 

^MNK = OiPm[nPk\^ 4>Q = aPM^P[N^PK]^ VRL(t>Q , 

where a is a constant to be determined. The last right-hand side on each line was written to 
make it manifest that the F's have the correct projections. Note that this ansatz, as required, 
satisfies constraints (1) and (2): Tmnk = —^mkn and Tmnk + '^nkm + '^kmn = 0. The 
coefficient a is determined by contraction. We get 

V^'^Tmnk = - D)(t>N = 4>N ^ a = . (2.67) 

Back in (|2.66|) and using (|2.65|) the full solution is therefore 



^MNK — —Jj^—^PmInPk]^4>R + ^MNK ■ 

2 



(2.68) 



MNK — -J^—^PM[NPK]^(t>R + ^MNK > 



where T is undetermined and satisfies 



V i MNK — U . 



V J- MNK — ^ ■ 



(2.69) 



2.3.5 The full ChristofFel connection 

To write a complete expression for the Christoffel connection we begin by adding the two 
contributions in (j2.68p and use (j2.65p to find 



(2.70) 



^MNK + ^MNK — i^jj _ {Pm[nPk]^ + Pm[nPk]^^ {^Rd + (P(?'^P)[qr]) 
+ '^MNK + ^MNK ■ 

The full connection is then given by ()2.49p which we write as 

^MNK = i^MNK + ^MNk) ~ i^MKN + ^MKn) 
~ ^NKM + ^KNM ~ ^KMN + ^NMK 

4 / _ _ X (2.71) 

+ j^—^ [PminPk]'' + PminPk]'') {dnd + {Pd'^P\QR^) 

+ ^MNK + ^MNK ■ 

The first two lines on the above right-hand side can be evaluated using equations (j2.55p . These 
equations imply, for example, that 

^MNK + '^MNK = -{PdMP)KN. (2.72) 
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With this one quickly verifies that the first hne in the right-hand side of (j2.7ip simphfies down 
to —2{PdMP)[NK]- A computation of the second hne then yields the complete result. We write 
it as 

^MNK = ^MNK + ^MNK , (2.73) 



(2.74) 



where Tmnk is the determined part of the connection, 

TmNK = - 2{PdMP)[NK] - 2{P[n''Pk]'^ - P^N''PKf)dpPQM 

+ -^-^{Pm[nPk]^ + Pm[nPk]^) {dqd + {Pd"" P\pq^) , 
and T,MNK is the undetermined part of the connection: 

^MNK = ^MNK + ^MNK ■ (2-75) 

The result (|2.74p is equivalent to the ansatz given in eq. (15) of fTO]. The T^mnk satisfy the 
traceless condition in (|2.69p . Given the symmetry properties of the connection, the trace taken 
on any two indices of the F's vanishes. This completes our calculation of the connection. We 
finally give the number of undetermined connection components. Since P and P are rank- 
D projectors, any projected 0{D,D) index represents D independent components. The two 
undetermined F can thus be viewed as taking values in the (2, 1) traceless GL{D) Young tableau. 
The total number of undetermined components is then found to be ^D{D + 2){D — 2), which 
is equal to the value in Siegel's frame-like formalism, see the discussion after eq. (2.40) in [7|. 

We can rewrite the above T directly in terms of "H and d. Using the definition of the projectors 
a quick calculation shows that 

{PdMP)pQ = ll-dM-HpQ +npKdMn''Q) . (2.76) 



4 

The first term on the right-hand side is symmetric in P and Q while the second term is actually 
antisymmetric in P and Q. We thus have 

1, 

A' 

As a result, we obtain 



{PdMP)[PQ] = -MpRduH'^Q. (2.77) 



(Pa^P)[PQ] = \'HpKd''n''Q = ^n^'^'dMnpg. (2.78) 



We can quickly work out the other projectors: 



Pin'^Pk{^-P^n'^Pk]^ = '^i^l'^+^I^^i^rj ' (2-79) 

Pm[nPk]^ + Pm[nPk]^ = \ {<]M[N^K]^ + ^A/[iV^i^]'^) • (2-80) 



Back in the connection ()2.74p we get 
1.. ^ ..r^ 1 



+ D~i [^^MiN^K]^ + nMlN-HKf) [dQd + -^n^'^dM-HpQ 



(2.81) 
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3 Analysis of the generalized Riemann tensor 



In this section we examine the components of the generalized tensor TZmnpq using the pro- 
jected barred and under-barred indices. We show that the projections in which undetermined 
connections drop out vanish identicahy. There are four non-vanishing projections, as detailed 
in equation (j3.14|) . We then show how the Ricci and scalar generalized curvatures arise from 
TZMNPQ by taking contractions that make all undetermined connections disappear. An analysis 
of the invariant action allows us to show that there is a single generalized Ricci curvature and 
to prove differential Bianchi identities. 

3.1 The components of the Riemann tensor 

Before we begin the detailed discussion of the various components of the Riemann tensor, we 
examine a useful property that follows from the covariant constancy of the projectors. This 
property implies that: 

[Vm,V7v]Pk^Fl = Pk''['^m,Vn]Vl, (3.1) 
so that expanding the commutators according to (|2.6p we get 

-Rmnk''Pp''Vl-Tmn''Vp{Pk''Vl) = -Pk^'Emnl^'Vp - Pk''Tmn''VpVl . (3.2) 

Using the covariant constancy again we see that the torsion terms cancel on both sides. Rela- 
beling indices and dropping the V^s we obtain 

RmnkpP^ L = RmnplP^ K ■ (3.3) 

Multiplying by P^ q we see that the above right-hand side vanishes due to PP = 0. We 
therefore find that 

RmnkpP^qP^l = ^ Rmnql = 0. (3.4) 
A curvature R with mixed projections on the last two indices vanishes. 

In order to find out which components of the curvature depend on undetermined connections 
we use the variation formula (j2.35p and the split ()2.73p of the connection into a determined 
piece r and an undetermined piece S. We find 

T^MNKL = TImNKL + 2 V[jvfSAr]i^L + 2 V[;^Ilj;^]j\/7v 

(3.5) 

+ '^'^[M\QL\^N]K^ + '^'^[K\QN\^L]M^ + ^QMn'^^KL ■ 

In here all hatted quantities are ones that use T. 

Let us now consider possible components of the projected curvatures TZ. There is one TZ 
with all indices under-barred and one TZ with all indices barred - a type (4, 0) curvature in the 
notation introduced in ()2.46p . With three under-barred indices and one barred one there is just 
one TZ since the barred index can always be chosen to be the last by using the pair exchange 
symmetry and the antisymmetry in the last two indices. The same is true for the TZ with three 
barred indices and one under-barred one. Finally for an TZ with two indices of each type there 



15 



are two configurations: one in which the first and last two indices are of the same type, and 
one where they are not. In summary, 

T^MNKL , T^MNKL ' ^MNKL i ^MNKL ' ^MNKL ' ^MNKL ■ (3-6) 

The two type (2, 2) curvatures are not independent. The algebraic Bianchi identity (|2.3ip gives 

= T^MNKL+T^NKML + ^KMNL ~^ ^MNKL = ^MKNL~^NKML^ (3-7) 

showing that the third curvature in (13. determines the fourth. The third structure, using 
definition ()2.13p . is given by 

'^mnkL = ^mnkL + ^kLmn + ^qmn^'^kL ■ (3-8) 

The first two terms vanish because of (j3.4p and the last one contains pieces of the connection 
determined in ()2.54p : 

T^MNKL = TQMivr V = iPdQP)MN {Pd'^P)KL = , (3.9) 

using the strong constraint. The vanishing of this third structure then implies the vanishing of 
the fourth, as remarked above: 

T^MNKL = 0. (3.10) 

With ()3.5p it is now easy to see that the first two and last two in (j3.6p depend on the 
undetermined connections. In fact, for TZmnkl we use (|3.5p together with (j2.75p to get 

T^MNKL = TZMNKL + '^^IM^N]KL + '^'^Ik'^L]MN 

. , _ (3.11) 

In here, projected indices on covariant derivatives are defined as usual: = Pl^Vq. We 
note that all T^mnk in (j3.5p were replaced by Tmnk because the projectors discard the r^^^^j^ 
components. Note that the summed index Q only receives contributions from the under-barred 
values. Analogous remarks apply for the fully barred structure TI-mnkl- 

For the second curvature in the list, the type (3, 1) tensor TImnkl^ terms vanish 

because in each of them one S has mixed barred/under-barred projections and there are no 
such undetermined connections. From the VE type terms, one survives: 

'^MNKL = '^MNKL ~ ^ KMN ■ (3.12) 

We thus see that T^mnkL involves undetermined connections. Similarly, we find for the (1,3) 
type structure 

'^MNKL = '^MNKL + ^ M^NKL ■ (3.13) 
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(3.14) 



Our analysis shows that the hst ()3.6p has become 

TZmnkl contains undetermined connections, 
TZmnkL contains undetermined connections, 
'^MNKL = ' 
T^mnkL = ' 

TZmnkl contains undetermined connections, 
TImnkl contains undetermined connections. 
Thus, there is no Riemann tensor in terms of the physical fields. 

3.2 Generalized Ricci and scalar curvatures 

Undetermined connection components can drop out from traces of curvatures. In fact, we can 
define a scalar curvature and a Ricci tensor. A naive candidate for the scalar curvature is 
TImn^^ ■ Expanding the contractions in projected indices we have, 

TImn^^^ = v'^^^v'^^ TZMNKL = T^MN-- + TZmn^^^ + '^'^MN~^ ■ (3.15) 
The last term on the right-hand side vanishes by ()3.9p . so that we have 

K-MN = K-MN r K-MN ■ [6. lb) 

Recall from ()2.43p that contractions on projected indices are implemented by contractions 
against the appropriate projector, so that 

K-MN-- = r f I-CmNKL-, '^MN = ^ ^ K-MNKL- W-J^'j 

Back to (|3.16p we compute TZmn^^^ directly from the definition (|2.13p and from ()2.7p : 

MN oj? MN I -p -rMNK 
K-MN = ^-tiMN + i MNKi- 



AdMT^' + 2 TmT^' + 2 TmnkT'''''^ + TMAr^r^^^ = . 



(3.18) 



The first two terms on the right-hand side vanish using Fa/ ~ f?Afd and the strong constraint. 
The rest of the terms on the right-hand side vanish too: 



TImn^'^ = ^mnk i T^^^^ + Y^^'^ + y'^^^^ 



(3.19) 



-P IrKMN -pNMK I -pMNK\ n 

1 MNK 1 - 1 +1 = U , 



because of Ty^jq^] = 0- The vanishing of TZmn^^ is consistent with the vanishing of the 
flat-index combination TZab^^ in Siegel's formalism [3]. Equation (|3.16p and the vanishing of 
T^mn^^ suggest that we have to contract the fully projected tensors. We thus define the scalar 
curvature TZ by 

TZ = TZ--MN = —TZ^^'^MN ■ (3.20) 
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We now use (j3.1ip to show that the undetermined connections drop out of TZ. Let us do one 
contraction first. The tracelessness of the T (on any pair of indices) imphes that 

(3.21) 

A few undetermined connection coefficients dropped out but several remain. After the second 
contraction with rj^^^ we get only TT terms that survive, but they add up to zero: 

= n^^MN + Tmql ( f ^^'2 + f + Y^MQ ) (3 22) 

— K-- -MN , 

using the generalized torsion constraint. The undetermined connections dropped out and there 
is a well-defined scalar curvature TZ. It must be proportional to the scalar curvature defined 
in [3]. One may fix the normalization by inserting the explicit connection components, say, 
focusing on the dilaton-dependent terms. We then find that (I3.20p equals the curvature scalar 
defined in eq. (4.24) in [3]. 

Equation (I3.2ip shows that we cannot get a well-defined Ricci tensor with two under-barred 
(or two barred) indices. The Ricci tensor is of type (1, 1), and we can define such an object by 
contraction with 77 of a curvature with (1, 3) or (3, 1) index structure. We define the following 
objects starting with the (3, 1) index structure: 



In fact, the Bianchi identity implies they are equal: 

^iVM = '^KNM~ = ~'^NMK~ ~ '^MKN~ = '^KMN~ = '^MN ■ (3.24) 

This is the "symmetry" property of the Ricci curvature. Most importantly, undetermined 
connections do not appear in the Ricci curvature. Indeed, starting from the definition (j3.23p 
and using ()3.12p we have 

'^MN = '^MKLN = V^MKLN ~ ^LMk) = V^^ '^MKLN ■ (3.25) 

We will show in the following subsection that the Ricci tensor defined by contraction of the 
(1, 3) index structure is identical to the one obtained here. 

3.3 Invariant action and differential Bianchi identities 

After having defined a generalized curvature scalar TZ we can define an invariant action for 
double field theory. It reads 

S = j dxdxe-'^'^TZ = J dxdie-^'^TZMN-- = J dxdxe-^'^P^^^ P^^TZmnkl , (3.26) 



(3.23) 
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where we recalled (j3.17p . Since the undetermined pieces of the connection drop out (see ()3.22p ). 
we have 

S= [ dxdxe-^'^P^'^P^^nMNKL ■ (3.27) 



Of course, on account of (j3.20p we also have 

S = - J dxdie-'^'^nj^i^^^^ = - j dxdxe-^'^P^^^ P^^TZmnkl ■ (3-28) 

It turns out that further Bianchi-type identities for the Ricci tensor and curvature scalar can 
be conveniently derived using the invariance properties of this action. 

We start by discussing the variational principle based on ()3.27p . For earlier discussions of 
the general variation in double field theory see [2l[3l[7 |f8lfT9] . Variations of the generalized metric 
imply variations of P or P. In fact we can think of P and P as the field variables to be varied 
since the connection is written in terms of these projectors (see (|2.74p ). We must then take 
into account that these are constrained to satisfy P^ = P, P^ = P and PP = 0. Thus if we 
shift P' = P + 6P we need to satisfy 

(P')2 = p + P5P + 5PP = P' = P + 5P , (3.29) 

and similarly for P. Thus, we have the constraint 

5P = P6P + 6PP, (3.30) 

and similarly for P. Acting on both sides with P from the left and the right we quickly see that 
P5PP = 0. Moreover, we also see that P6PP = 0. Finally, when acting from the left with P 
and the right with P, or vice versa, we get trivially satisfied identities that imply that P6PP 
and P5PP are unconstrained. Thus, we can write the variation in terms of two unconstrained 
matrices Ai and Af as follows 

5P = PMP + PMP = -dP , (3.31) 

where the last condition follows from P + P = 1. Since P and P are symmetric, 6P and 5P 
should be symmetric too, requiring that M.^ = M. Thus, the most general variations of P and 
P consistent with the constraints are 

SP = PMP + PM^P = -6P . (3.32) 

Let us now consider the general variation of the action (I3.27P for variations 5P and 6d. Of 
course such variations result in variations 5 F of the determined parts of the connection. The 
undetermined parts need not be varied since they and their variations drop out of the action. 
We thus get 

5S = 5 I dxdx e-^'^ P^^^ P^^Umnkl 



(3.33) 

= / dxdi (-2W7^ + 2 SP^^P^^-Rmnkl + 4P^^ P^^V^m^T^^kl) , 

where we employed (I2.35P since this relation holds for any shift of the connection. The covariant 
derivative in V5F can be partially integrated: it ignores the dilaton density and gives zero 



19 



acting on the P's (note that both V and V have such properties). This term is therefore a 
total derivative, in complete analogy to standard Einstein gravity. The variation of d then 
implies the vanishing of the scalar curvature, 7^ = 0. This is a well-known result in double field 
theory [2l[3], but here we understand more clearly why the variations of d inside TZ add up to 
a total derivative. 

We focus on the remaining variation which reads with (|3.32p 
6S = 2 J dxdie-^'' {P^'^'MpqP'^'' + P'^^^MpQp'''') P^'^Umnkl 

= 2 j dxdie-^'^MpQ(lZ^^% + nQ^^L) (3.34) 



-2 1 dxdxe-^''MpQ(n^^\ + n^-'^^j^ = -aJ dxdxe-^^M^'^'n^^ 



MNK ' 



where we were able to remove the hats at the point where we know all undetermined connections 
drop out. In the last step we used (|3.24p and relabeled indices. Thus, we get the field equation 

'^MN = '^~MNK = ) (3.35) 

recovering the Ricci tensor defined above. 

An alternative definition for the Ricci tensor is obtained by tracing the curvature with (1, 3) 
index structure (one under-barred, three barred). We will show now that the resulting object, 
T^KMN^ J does not provide a new tensor. To this end we vary the alternative form of the action 
indicated in (j3.28p : 

6S = -6 j dxdx e-2rf P^^^P^^Hmnkl ■ (3.36) 
Using 5P = —5P we arrive at 

6S = 2 [ dxdxe-^'^5P^'^P^^iZMNKL 



-2 J dxdie-^" {P^'^MpqP'^'' + P'''^MpQP'''')n 
-2 1 dxdie-^^MpQ (7^^^2£ + 7^^2^£) 
-4 j dxdxe-'^^MpqU^'^^i = j dxdx e~^'^M^^^n 



L 

MKL 



(3.37) 



2dKANMrnK 

MNK 



Here we combined the two terms in the third line using the analogue of (I3.24|) and removed 
the hats, since the objects in question are well-defined. As this variation must agree with the 
variation ()3.34p for all M we conclude 

T^'MNK = MNK 1 (3.38) 

proving that there is a single generalized Ricci tensor. 

Let us relate the above definition of a Ricci tensor to a similar tensor defined in [3], where 
we considered the variation of % rather than P. The variation (I3.32p implies the following 
variation for % 

6n = -2{PMP + PM^P) , (3.39) 
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where we used (jl.Sp and 6rj = 0. Up to the factor of —2 this coincides with the variation given 
in eq. (4.54) in |3] if we assume A4 to be symmetric. The variation considered in [3] was not 
the most general, because Ai need not be symmetric, but it can be proved that the resulting 
field equations are equivalent to the ones obtained for general A4. To see this, consider a 
general action S based on a Lagrangian JC{P) that we view as a function of P (suppressing the 
dependence on other fields). Using (j3.32p . its variation with respect to P then reads 

SS = I dxdx e-^^ ^ (PxAf ^^Ptvl + PrnM^'^Pml) 

= j dxdx e-^'' M^'^ {PmkPnl + PmlPnk) (3.40) 
dxdx e-^'' M^'"" PmkPnl- 



'5Pk 



L 



where we used in the last step the symmetry of 5C/5Pkl- -Mmn is unconstrained, the field 
equations read 

Emn = PmkPnly^ = 0. (3.41) 
oPkl 

An interesting property of tensors defined like this is that they vanish if and only if their 
symmetric projection £'(MAf) vanishes. For suppose 

1 (5jC 
EiMN) = ^{PmkPnl + PnkPml) = 0. (3.42) 

We can then contract with Pr^^ , after which the second term vanishes by PP = 0, implying 
Ern = 0, as we wanted to show. Thus, the field equations obtained by variation with a 
symmetric or general M are equivalent. 

After this preliminary discussion it is straightforward to relate the Ricci tensor in [3] to the 
one discussed here. We consider the variation of the action ()3.26p under (I3.39|) (or, equivalently, 
p.3ip ). with Ai symmetric, 

5S = -2 j dxdxe-^'^ M^^^TZmn = -4 J dxdxe'^'^ M^^^ Pm^ Pn^T^pk/ ■ (3-43) 

The first equality can be seen as the definition of TZmn, where we included a factor of —2 such 
that the variation and hence the tensor TZmn have the same normalization as in [3]. For the 
second equality we used (j3.34p . Since we assumed M. to be symmetric, TZmn is symmetric, 
too, and from (|3.43p given by 

TZmn = {Pm'' Pn"" + Pn"" Pm'')'JIpk/ . (3.44) 

Writing the right-hand side out in terms of projected indices and using (j3.24p we get 

TZmn = TZ^^^fj + TZj^^ . (3.45) 

The generalized tensor TZmn thus obtained has no projected indices. We can think of TZ^^jfj- 
and TZffjy as the projections of TZmn- The symmetric field equation TZmn = is equivalent to 

'^MN = 0- 
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We close this section by deriving a differential Bianchi identity following from the gauge 
invariance of (j3.27p . First, we need to rewrite the gauge transformations. Using (j2.26p the 
transformation of the dilaton reads 

For the projector P we have 6^Pmn = ^(Pmn because Ti transforms with a generalized Lie 
derivative (jl.4p and C^rj = Due to the torsion constraint (j2.17p . all partial derivatives in 
Lie derivatives can be replaced by covariant derivatives. We thus have 

S^Pmn = i^^KPMN + 2V^MiK] P^N + 2V [^^^^ P^ m • (3.47) 
Using the covariant constancy of P this becomes 

S^Pmn = 2V[AfC7V] + 2V[^,Cm] • (3-48) 
Writing out the antisymmetrizations and using (12.40p we have 

S^Pmn = VAf% - Vn^m + '^nSm - Vm^at 

+ VjvCm + V^^f — Vm6v — VA/^jv 

= V^j^ - Vtv^m + ^jv6v/ - Va/^jV • 
We can now write separate gauge transformations with respect to (^m and 

S^Pmn = Vjv/ Cw" + V;v ^A/ , 
S^PmN = - (VM^jv + '^nS.m) ■ 
For the dilaton we have, from ()3.46p . 

6.e-'' =e-2'^VA/C^^ 



(3.49) 



(3.50) 



(3.51) 

Consider now the gauge variation 6^ of the action (j3.27p . Recalling that the curvature itself 



does not need to be varied because it contributes only total derivatives, as in (I3.33p . we have 
= dxdxe-'^'^P^^^P^^iZMNKL 

= I dxdie-'"' {Vpfn + 2{V^'C^ + V^C^')P^^nMNKL) (3.52) 
= - J dxdx (VpTZ + 4V^"^7^A?7vp- ' 



where we also used the property (|3.24p . The last contraction is (minus) the Ricci tensor, and 
since (|3.52p holds for arbitrary we conclude 



Vp7^ - 4V*^7^pM = . (3.53) 
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Using the invariance under 5^ we get a similar looking equation with an opposite relative sign: 

Vp7^ + AV^^Ump = . (3.54) 

These are the differential Bianchi identities of double field theory [IJlTlIH]- We have not been 
able to find an uncontracted differential Bianchi identity for the full Riemann tensor, and we 
suspect that such an identity does not exist. In fact, it is not hard to convince oneself that the 
naive Bianchi identity ^[m'^nk]pq = does not hold by writing it out in terms of connections. 
As a further check, it is also straightforward to see that the double contraction of this naive 
Bianchi identity would give rise to an invalid contracted differential Bianchi identity. 



4 Riemann-squared and the generalized metric 

Here we will investigate if there exist manifestly 0{D, D) invariant terms quartic in derivatives 
and written with the generalized metric that, for 6 = (/> = 0, reduce to the square of the 
Riemann tensor in some T-duality frame. First, we work out the square of the Riemann tensor 
in terms of the metric g. Then we identify one tensor structure that cannot be reproduced from 
a generalized metric expression, answering the above question in the negative. 

4.1 Outline of the approach 

Our results of the previous section indicate that natural steps do not yield a physical Riemann 
tensor in double field theory. They give a four- index generalized tensor TZmnpq that is not 
fully determined in terms of the physical fields, but whose contractions give physical scalar and 
Ricci curvatures that were expected to exist. It seems unlikely that there is a way to define a 
physical TZmnpq that is an 0{D,D) tensor, a generalized tensor, and reduces to the Riemann 
tensor for particular combinations of indices. 

We will show in this section that the Riemann-squared scalar, familiar in a' corrections to 
the low-energy effective action of string theory, cannot be obtained from a T-duality covariant 
expression built with the generalized metric and the dilaton. More explicitly, we claim that 
there is no 0{D, D) scalar X{J-i, d) such that it reduces to Riemann squared when we set 5 = 0, 
set the antisymmetric field bij to zero, and set the dilaton d to the value that corresponds to 
= in the relation e^^^ = ^—ge~'^'^^ namely d = d^, = —^ln^/^. In other words, the 
answer to the following question is negative: 

Is there an Om,!)) scalar I(n,d) such that RnkiR'^''^ = lCH,d) ? (4.1) 

d=0,bij=0,d=dt 

This happens because certain tensor structures appearing in the square of the Riemann tensor 
cannot be reproduced from 0{D, D) invariant terms. This is a strong result, for the obstruction 
occurs just by demanding that X be an 0{D, D) scalar. An X{H, d) useful for double field theory 
would also have to be a generalized scalar. This result implies that even if there was a physical 
TZmnpq that is both an 0{D, D) and a generalized tensor, and contained components that give 
the Riemann tensor (after setting 5 = 0, hij = 0, d = d*) it could not be of use in constructing 
Riemann squared: 0{D,D) contractions would lead to canceling contributions. 
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Using the curvature scalar TZ and the Ricci tensor TZj^jf^, both of which are 0{D, D) tensors 
and generaUzed tensors, we can extend the double field theory action by the addition of higher- 
derivative terms with arbitrary coefficients a and b: 

Sdft Sbft + a' j dxdx e-'^'^{aTZ^ + hU^^n^f^) . (4.2) 

Setting 5 = this reduces to terms containing the square of the conventional Ricci tensor and 
Ricci scalar. It is known, however, that in string theory also higher powers of the full Riemann 
tensor enter, and therefore ()4.2p is not general enough to first order in q'. A correction AS* 
proportional to Riemann squared in the low energy action would take the form 

AS ^ a' J dxy/^e-^^RijkiR'^^^ = a' J dx e'^'^RijkiR'^''^ ■ (4.3) 

If there had been an I(T-L,d) that satisfies (j4.ip the term 

ASbft ^ a' j dxdxe-^'^ I(n,d), (4.4) 

would have provided a suitable double field theory extension (if I was also a generalized tensor) . 
In the absence of X(7^, d) we can entertain some other possibilities. It may be that a variant of 
(j4.ip holds up to terms that can be dropped from an action because they are total derivatives: 

e-^^RijkiR'''' = An,d) +dii---). (4.5) 

We will not explore this possibility in here, but it seems unlikely to work. It seems to us more 
likely that a' corrections require modifying the definition of the generalized metric, as will be 
explained in the discussion section. 



4.2 Terms quadratic in the Riemann tensor 

In this section we will compute the terms appearing in the square of the Riemann tensor that 
are relevant for the comparison with the generalized metric formulation to be discussed in the 
next subsection. In our conventions, which follow the book by Dirac [31j, the Riemann tensor 
with all indices lowered is given by 

Rijki = ^{djdkgu - Oidkgji - djdigik + didigjk) + TpuT^jk - TpikT^ji , (4.6) 
with the Christoffel symbols 

^ijk = ^{dkgij + djgik - digjk) , r),^ = g'^Tpjk. (4.7) 
We also write ()4.6p as 

Rijki = Rijki + 2rpj[;r^fc]j , (4.8) 

where 

= 2dyd^gi]Q , (4.9) 
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with [ab] = ^(a6 — 6a), and we have underhned indices in order to avoid ambiguities in anti- 
symmetrizations. shares the symmetries of the full Riemann tensor, 

^jkl = ~^%ki = ~Rijlk = ^klij ■ (4-10) 

Let us now consider the square of the Riemann tensor, 

(Riem)2 = Ri.kiR''"' = Rijki g"' g'' g"' d'' Rrstu ■ (4.ii) 

From the definition ()4.6p we infer that this square contains three different structures that are 
schematically 

{ddg,,f , {ddg,,){dg,,f , {dg,,)\ (4.12) 

In order to establish our result it is sufficient to work out the first two. We will see that while 
the first structures can be reproduced from 0{D,D) invariant terms, this is not so for the 
second structures, proving that the full square of the Riemann tensor cannot be reproduced 
from an 0{D,D) invariant expression. 

We begin by computing the terms of the first type, (59(7**)^, from (|4.1ip . Since terms 
involving the square of Christoffel symbols always contain the structure (9(7=f*)^, the terms we 
consider here originate only from the square of R^. With ()4.9p we then have 



(Riem) 



= 29[,a[,<7.]/]9'^9^'^/*5'"<t. = 2d,dkgug''g''g'''g'''R'^stu 



(4.13) 



= djdkga g'''g^''g^^g^''{dsdtgru - drdtgsu - dsdugn + drdugst) 

= djdkgu g'^^g^'g^'^g^'' dsdtgru - 2 dj dkgu g^'g^'g^'^g'''' drdtgsu 

+ ^,^kg^l 5WV"5Ato, 

where we combined in the third line two terms using the symmetry properties of g and of second 
partial derivatives. After relabeling indices, this reads 

(Riem)2 = gijgklgmugp, Q^Q^g^^ Q^Q^g^^ _ 2g^3g^'g-^^gV<l d^d^g,., d.dngi, 

{ddg,,y 

+ g^^g^'g^-gP'i d,dkgmvdnd,g,i 
= g'^ g^^ g'^'' 9^"^ [didkgmp djdignq - 2 dkdmgip djdngig + didkgmp dndggj 



(4.14) 

Let us now turn to the second structure in (I4.12p . It originates from cross terms of R^ and 
the term in (gJl). Thus, 



(Riem) 



ATfinikm-p -pr 

mm'- ik 



(4.15) 

R {dmgrn ~\~ dngrm drgnrri) 5 {digks + dkgis - 9s5ifc) • 
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Using the symmetries ()4.10p we can exchange m ■v^ n and i ^ k simultaneously. It then follows 
that several terms combine, giving 



(Riem)2 ^, ^= (2 d^Qrn ^^gks + 2 dmgrn dk^s 

2 dmSm dsQik 2 drQnm didks ~l~ dr9nm ds9ik 



(4.16) 



4.3 Obstructions on the generalized metric formulation 

We attempt now to write 0{D, D) invariant expressions in terms of the generahzed metric that 
reproduce the above structures (|4.14p and (|4.16p when setting 5* = and bij = 0. In this 
situation the generahzed metric reads 

Specifically, we will see that the only candidate 0{D,D) invariant expression that could re- 
produce a certain tensor structure in the square of the Riemann tensor is actually zero as a 
consequence of the group properties ofTiMN- 

We start with the {ddg^,^)"^ terms in (j4.14p . It turns out that they are reproduced by a term 
X(2,2)(-^) defined by 

x{2,2)(^) = -In'^u'"'' didK'H''^ djdL-HpQ 

2 (4.18) 

+ 2 n^^n^^ didKU^'^ djdun ln + didjn^^ SkBlU^^ . 

The superscripts on X indicate the derivative structure of the terms: they are the product of 
a factor with two derivatives and another factor with two derivatives. In order to evaluate the 
reduction of X(-^'^)('H) we set 9* = and insert ()4.17p . First note that any derivative must have 
a lower index, dx d^, and the index contracted with this derivative also becomes k: 

x(2.2) = -lw^n'''didkn'''^djdinpQ 

2 (4.19) 

Because of the diagonal form of % in ()4.17p any mixed-index structure 'W^ will only receive 
contributions when K is an upper lowercase index, giving 'W'^ , with the k also appearing 
elsewhere as a lower index. Thus in the second term above we can simply replace L — )■ / and 
N ^ n. In the first term there are two contributions for P and Q, one with structure Ti^"^ ■ ■ ■ Ti-pq 
and the other Hpq ■ ■ ■ H^''. Both turn out to give the same answer and we therefore have: 

I^^'^Hg) = -g''g'''d,dkgP'^djdigpg + 2g'^ g^' d^dtg"^^ d.dmgm + d,d,g^' dkdig'K (4.20) 

We can now transform the double derivatives of upper-indexed metrics to derivatives of lower- 
indexed metrics using 

didjg^'^ = - di{g-^djgg-^) 

(4.21) 

= 9-Hdi9)g-\djg)g-' - g-\d,djg)g-^ + g-\d,g)g-\dig)g-^ . 
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In components this reads 

dkdig'^ = -g''g^'dkdigrs + 2g'Pg^'^g''d^^gprdijg,s. (4.22) 
We use this in (I4.20p and collect only the terms with two derivatives on g: 

I'-^'^Hg) = g'^g"' {g^'d^d^gstg'') d.dw^, - 25^^/' (^^ 9. 9^5^*5*") d.d^gm 

+ (/^a,9,W')(5'"9fc5;5™9"^). 

After a straightforward relabeling of indices one can compare with ()4.14p and confirm that 

X(2'2)(^) = (Riemann)2 . (4.24) 



This shows that the proposed generalized metric combination (j4.18p correctly reproduces the 
portion of (Riemann)^ with two derivatives on each field. But, as we will see, it does not 
produce all of (Riemann)^. 

Let us now consider the (95g*=K)((9g**)^ terms. Note that (|4.2ip implies that X^^'^) produces 
already several terms of this type. It is convenient to begin again with (j4.20p to do this 
systematically. Converting one of the d'^g** metrics in the last term of X'-^"'^^ in (j4.20p into (7**, 
we find 



(4.25) 



l''^'^\g) = -g''g''dAgP''{djdigp,-2djdpgig + dpd,gji) 
+ 2g'^g'''g''d^dkg'"'dpgjrd,gis . 
The terms in parenthesis are proportional to and thus we conclude 

X(2.2)(5) = -2didkgP'i g'^g'''R'^jip + 2g'^g'^'g'^ didkgP'^dpg.rd.gis . (4.26) 
The second term in here is produced by minus X(2.i'i)(7^), defined by 

x(2'i'i)(^) = -in^-^n^^H^^didKn^^dpUjRdQnLs ■ (4.27) 

We can therefore write 

x(2-2)(^)+x(2,i,i)(^) = -2didug^'^9^^g^'R%i^. (4.28) 

We have shown that the terms on the right-hand side of this equation are reproduced from the 
generalized metric expression X^'^'^) -|-X*^^'^'^\ 

We next investigate how much the right-hand side of (j4.28p differs from the square of the 
Riemann tensor. For this purpose we first convert the leftover d'^g** in ()4.28p into g*,,,, 

2:(2,2)^2:(2'i.i) = 2/-5''"9,9fc5n^n5^^■/'i^°,■^p-4ff^''"9^"r%W%5n.9*^■/^i^°^^ (4.29) 

The 9^(7** structure in the first term inherits the antisymmetries from R^ and so this term is 
actually {R^f. Thus, 

2:(2,2) ^^(2,1,1) ^ g'Pg^'^g''^g'^Rl^iRl^^^-2R''^^^^g^'{d,g^rdkgns + dugrnrd,gns) ■ (4.30) 
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In here, the first term gives precisely the (59(7**)^ terms, as discussed above, while the second 
one gives some of the {ddg^^){dg^,^)'^ terms. Comparing these with the actual terms of this type 
appearing in the square of the Riemann tensor ()4.16p finally implies 

dsQik + ^dmgrn dsgik) (4-31) 

+ 0{{dgf). 

The first line is reproduced by the generalized metric expressions (I4.18P and (I4.27p . We will 
now carefully examine the terms in the second line. We will identify one structure that cannot 
be written in terms of the generalized metric. 

We first expand 

dsgik + '^dmgrn dsgik) 

= {dgdigpt - d^dig^t - d.dtg^i + d^dtg.i) 

( '^dkdmr di9ns '^dmOrn dkdis drdmn ds9ik ~l~ '^dmgrn dsgik) 

= -\9''^g'''9^^g'^^9''' ( - 2dkgmr Signs BqdWpt + 2dkgmr Signs Spdiggt 

+ 2dkgmr Signs SqStgpl - 2dkgmr Signs SpStgql 

(4.32) 

- 2dmgrn Skgis SqSigpt + 2dmgrn Skgis SpSiggt 
+ 2dmgrn Skgis SqStgpl - 2Smgrn Skgis SpStgql 

- Srgnin Ssgik SqSigpt + Srgmn Ssgik SpSigqt 
+ Srgmn Ssgik SqStgpl — Srgmn Ssgik SpStgql 

+ 4:Snigrn Ssgik SqSigpt - 4:Smgrn Ssgik SpSigqt 

- 4:Smgrn Ssgik SqStgpl + ^Snigrn Ssgik SpStgql ) ■ 

Several terms in here can be combined, 

= - ( - 2 dkgmr Signs SqSigpt + 8 Skgmr Signs SpSigqt 

- 2Skgmr Signs SpStgql 

- 2 Srgmn Ssgik SqSigpt + 2 Srgmn Ssgik SpSigqt 

+ Admgrn Ssgik SqSigpt - Admgrn Ssgik SpSigqt 

- Admgrn Ssgik SqStgpl + '^ Snigrn Ssgik SpStgql 

- 4:Smgrn Skgis SqSigpt ) , 
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where we have grouped the terms according to the index structure of the first 9*^** factor. 

In (|4.33p we have underhned three terms that deserve special consideration. Ah other terms 
can be reproduced by simply replacing metrics for generalized metrics and partial derivatives 
by 0{D, D) covariant partial derivatives. This happens because the indices on derivatives (that 
are lower, lowercase, when 9 = 0) are contracted in such a way that they force all other indices 
to become lowercase once we recall that the generalized metric is diagonal. To make this point 
more transparent, consider the second term in (j4.33p : 

- 4 g''Pg"'g'''g'^'r dtg^r d^gns dpdig,t ■ (4.34) 
Its 0{D,D) covariant extension is simply 

- 4 n^^n^^n^^n^^^n^^ dxn mr OiU ns dpdinQT . (4.35) 

To see that this works we just follow the indices on derivatives (which must be lower, lowercase) 
and how they force indices to become lowercase. Prom dx we have K ^ L, that is, we get k, I. 
From the second derivative we get I^Q^T^M^R^S^N^P, and all indices 
become as in (j4.34p . One can readily check that the same happens for all other non- underlined 
terms. 

Let us now consider the underlined terms in (14.33p . We start with the two terms with a 
single underline, which take the form 

Xiig) = g''Pg"'g''g"''g''drgmndsgikd,digpt - 2g^Pg''^g^'g"''g'' dmgmdsgik dpdtggi . (4.36) 

On each of the terms, each of the dg factors can be transformed into derivatives of inverse 
metrics via the identity dg~^ = —g~'^{dg)g~^ , 

Xi{g) = g^' a,/* dsg''' d.dwpt - 2 ff'"* dmg"' dsg'^' dpdtggi . (4.37) 

These two structures can also be reproduced from an expression in terms of Ti, with due care 
to double counting and extra terms that are to be thought of as higher order. We claim that 
the following is the answer 

ix,m = ^n'^'^dRn''^ dsn'^'' dQdLnpT - n^'^dMn'''dsn'^''dpdTnQL. (4.38) 

The first step in the reduction gives 

Ix, = \g''dr'H''^dsg'^'d,dinpT - g"''dmg'"dsn'^'^dpdtnQL. (4.39) 
This time we are left with contractions that give rise to two terms each, 

IxAg) = J/'9r5^'a,/*a,a,5pt+ ^g'^'drg'^'dsgptd.digP' 

^ ^ (4.40) 

- g'^'d^g^'dsg'^'dpdtg.i - g'^'dmg"' dsg.idpdta"' ■ 

Using ()4.2ip one can readily see that the second term on each line equals the first, up to {dg)'^ 
terms. Thus, we have 

XxA9) = X^{g) + 0{{dgf). (4.41) 
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This shows that the terms with a single underhne can be reproduced using the generahzed 
metric, up to {dg)'^ terms that must be considered once all d^g{dg)'^ terms are under control. 

Let us finally consider the double- under lined term in (|4.33|) . which turns out to be prob- 
lematic. The term is 

Z{g) = 5"V^/'5"*/'4w9.9„.a,5,5pt = , (4.42) 

where we rewrote the leftmost dg in terms of dg^^. The only candidate 0{D, D) invariant term 
that could reproduce this structure is proportional to 

Iz = U^P'H^^U^^dK'H^^diHNsdQdL-HpT . (4.43) 

The claim is that Tz is in fact zero up to terms {&H)'^ — which in turn give rise to structures 
involving {dg)"^ and are thus of different type. To see this we raise and lower indices using -q on 
the one hand and the analogue of (j4.2ip for % on the other: 

= nNPn'Qn^'^dKnTsdin'''dQdLH^ 

= ~nNP_n^^n^^ii^n^''^dKnTsm^dQdL'HRM + {du)^ 

(4.44) 

= -Zz + {&hY ■ 

As help to the reader, the underlined factors in each term denote those factors that participate 
in the simplification leading to the next term. In the step before the last line we relabeled 
indices {I ^ K, Q ^ L, R T N, M P). Thus, up to (dn)'^ terms, this structure is 
minus itself and thus zero. 

One may wonder if the dilaton d can be used to help reproduce the above problematic 
structure. Unfortunately, this is not the case. Rather, the role of the dilaton can be understood 
as follows. Whenever a tensor contains the structure g^^dmgku the generalized metric cannot be 
used to reproduce it. This follows because the corresponding 0{D,D) invariant term is minus 
itself by its group properties and thus vanishes: 

■H^^dunKL = -UKLdMU^^ = -n^^duUKL = 0. (4.45) 

In the first step we recalled that T-L^^ is the inverse of Hkl-, and in the second step we raised 
and lowered indices with the constant rjMN- In order to reproduce the structure g^^dmgki we 
can use the 0{D,D) invariant dilaton d. Since e~^'^ = ^/ge~'^'^ we have, for 9* = 0, 

dud dmd = dm(t> - ^g^^dmgki ■ (4.46) 

This means that 

i-AdMd) _ ^ g'^'dmgM , (4.47) 

9=0,0=0 
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provides the desired 0{D,D) covariantization of the structure. In fact, the 0{D,D) invariant 
scalar curvature given in [3] can be systematically constructed as follows. Start with the scalar 
curvature of Riemannian geometry written in terms of gij . For each term that can be reproduced 
using the generalized metric include the corresponding 0{D,D) covariant term. All terms that 
cannot be reproduced from a generalized metric expression turn out to contain the structure 
g'^^dmgku which is covariantized by {—Adud). It can be checked that this covariantization of 
the Ricci scalar gives the generalized scalar TZ constructed in [3j and discussed in this paper. 
On the other hand, for the problematic structure (I4.42|) the dilaton does not help, as it contains 
no contractions of the g^^dmQki type. As a side remark we point out that since the dilaton is 
of no use in constructing the T-duality invariant extension of the Riemann tensor-squared, this 
suggests that in a field basis in which the first a' correction consists only of the square of the 
Riemann tensor, the dilaton itself does not receive higher-derivative corrections. Intriguingly, 
this is confirmed by explicit computations in string theory [32]. 

Let us point out that for low-dimensional toy models like D = 2 there may exist additional 
manipulations to rewrite the structure ()4.42p such that it can be reproduced from a generalized 
metric or dilaton expression. In fact, m. D = 2 the Riemann tensor is fully determined by the 
scalar curvature and so the square of the generalized scalar IZ must contain Riemann-square. 
Incidentally, note that according to our formula for the number of undetermined connections 
given after ()2.75p all connections are determined m. D = 2. In contrast, it is clear that for 
general D there are no additional identities that would allow for such manipulations. 

Summarizing, for general D there is no 0{D,D) invariant expression in terms of the gen- 
eralized metric that reproduces the required structure appearing in the square of the Riemann 
tensor. As a result there is no 0{D, D) invariant term fourth-order in derivatives that repro- 
duces the square of the full Riemann tensor. 

5 Discussion: T-duality and a' corrections 

In this paper we have investigated the possible existence of a double field theory Riemann 
tensor TZmnpq satisfying conditions 1) - 4) and (A), as stated in the introduction. In the first 
part of this paper we gave a self-contained presentation of a metric-like formalism introducing 
connections and invariant curvatures along the lines of the frame-like approach of Siegel [1]. 
The main difference with the related metric-like formalism of Jeon, Lee, and Park |18j is that 
we keep track of undetermined pieces in the connection and their effects on curvatures. Our 
analysis sheds new light on the Riemann tensor. Specifically, we showed that the components 
that are fully determined in terms of the physical fields vanish identically as a consequence 
of an algebraic Bianchi identity. Thus, within this formalism, there is no Riemann tensor 
meeting all conditions 1) - 4). There is a Riemann tensor satisfying conditions 1) - 3). It is an 
0{D,D) tensor, a generalized tensor, and it determines TZmn and TZ. It is not, however, fully 
determined in terms of the physical fields. The components of TZmnpq that are independent 
of undetermined connections vanish. 

In the second part of this paper we investigated a related question. We asked if there is 
a four-derivative 0{D,D) invariant function of the generalized metric and the dilaton that 
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reduces in some T-duality frame (and with bij = (p = 0) to the square of the Riemann tensor. 
We find that the answer is negative: for general D there is no 0{D,D) covariantization of 
Riemann-square in terms of the generahzed metric and the dilaton. Such covariantization, if it 
existed, could be used as a Lagrangian for higher-derivative terms in double field theory. This 
result implies that even if a double field theory Riemann tensor satisfying conditions 1) - 4) 
exists, it could not provide a T-duality covariantization of Riemann-squared ~ its square would 
have to be zero. 

Let us now briefly discuss the significance of this result. Suppose we had succeeded in 
constructing an 0{D,D) invariant in terms of T-Lmn and d that reduces to the square of the 
Riemann tensor in some T-duality frame. Then we would be able to write a general action with 
four derivatives as some arbitrary linear combination of the squares of generalized Riemann, 
generalized Ricci, and generalized scalar curvature. Any of these actions would be exactly 
invariant under the original forms of the T-duality and generalized diffeomorphisms that leave 
the original two-derivative action invariant. This would be unexpected, for the field redefinitions 

9ij 9ij + a (oi Rij + a2 gijR) , (5.1) 

that respect diffeomorphism invariance, map a'-corrected actions into each other in that they 
alter the coefficients of Ricci-squared and i?-squared terms. After such field redefinitions the 
T-duality transformation of gij will acquire a' corrections, in conflict with the above implication 
of the (hypothetical) existence of a physical generalized Riemann tensor. 

Useful insights into the structure of T-duality in double field theory to order a' are suggested 
by the computations of Meissner [29jl§ He considered 'cosmological' models, i.e., the reduction 
of gravitational actions with higher-order corrections to one dimension. The resulting theory 
can be written in an 0{D,D) invariant way only if the formula for the generalized metric in 
terms of the g and b fields receives a' corrections. For double field theory such a possibility 
would imply that the theory can be written in terms of a generalized metric V-MNig, b) of the 
form 

nMNig,b) = nMNig,b) + a'6nMNig,b) + 0{a'^) , (5.2) 

where '}i{g^b) is the generalized metric and T-LMNig^b) is a symmetric 0{D,D) matrix to 
order a'. Since (II. ID is a general parameterization of a symmetric 0{D,D) matrix, this means 
that one can write 

y-MNig^b) = V.MN{g',b'), (5.3) 

where {g',b') are a' corrected versions of {g,b). The results of [2^ (see eqs. (4.11)~(4.12)) 
suggest a redefinition of the type 

{gT = g'' + (ai drgkp dsgi, + dr\p dsk,) . (5.4) 

It would be interesting to see if the problematic structure that we identified in the square 
of the Riemann tensor can be removed with such a field redefinition. Once the action is 
written in terms of TiMNig' , b'), one could view (g' , b') as the new field variables with standard 
(uncorrected) T-duality transformations. The redefinition (j5.4p does not preserve manifest 

^Later work of Kaloper and Meissner [S^ did not use the generalized metric. It evaluated a' corrections to 
T-duality transformations arising in backgrounds with one abelian isometry. 
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general covariance because it involves first derivatives of the metric rather than tensors. Thus 
generalized diffeomorphisms would receive ol corrections. It would be interesting to see if the 
field basis suggested by string field theory has to play a special role here (see [lOj for the explicit 
map between different field variables). 

While the generalized Riemann tensor discussed in this paper is not fully determined 
by the physical fields, we expect it to play a crucial role in the construction of general T- 
duality invariant oi corrections. As discussed in section [3?T] this tensor has components of type 
(4,0), (3,1), (1,3), and (0,4): 

all of which depend on undetermined connections. We believe that a suitable linear combination 
of squares of these curvatures will have the property that the undetermined part can be removed 
by a field redefinition. 

It is amusing to speculate on the meaning of our results for the geometry that underlies 
string theory. The absence of a physical Riemann tensor seems to follow from the requirement of 
duality covariance. Since the Riemann tensor is needed for the construction of the interactions 
in the theory, we are forced to learn how to work with a partially physical, generalized Riemann 
tensor. This is all we seem to have. In Riemannian geometry a spacetime is flat if and only 
if the Riemannian curvature vanishes. In the absence of a physical Riemann tensor in string 
theory there would seem to be no obvious way to characterize flat space! 
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A Relation to frame formalism 

Here we explain the equivalence of the 'metric-like' formalism discussed in this paper and the 
'frame-like' formalism of Siegel [5, extending the discussion given in sec. 5.3 of |7J. The vielbein 
eyi*^, with inverse cm"^, carries an 0{D, D) index M and a flat index A with respect to the local 
tangent space group GL{D) x GL{D). This flat index splits as ^ = (a, a), where a refers to the 
left GL{D) and a to the right GL{D). In order to describe only physical fields the vielbein e^*^ 
needs to satisfy constraints that are written in terms of the tangent space metric Q defined by 

Gab = eA^' eB"" miN, with inverse Q^^ ^ ^mn ^^ A ^^B ^ (^^^^ 

Flat indices are raised and lowered with Q while 0{D, D) indices are raised and lowered with r/. 
Moreover, cm^ = riMNG^^es^ ■ We impose the constraints 

Gab = 0, sigiQab) = (+-...-), sigiQ^i) = (- + ...+), (A.2) 
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where 'sig' denotes the signature. Note that the signatures of Qab and ^^^j are opposite in 
order to be consistent with the {D,D) signature of Gab- The assignment of signatures here 
comphes with the conventions of [7J. By Sylvester's theorem of inertia, the constraints ()A.2p 
are GL{D) x GL{D) invariant. 

The projectors P and P and the generahzed metric % can be defined in terms of the frame 
field as in [7]: 

P ^ — ^ ^aAf p AT _ ^ hN nj N — ^ f r, N JD N\ f \ "i^ 

Pm = eaM e , Pm = eaue , Hm = 2V M - Pm ) ■ (A.cij 

As required, these projectors satisfy P^ = P, P^ = P and, using the first constraint of ()A.2p . 
PP = 0. 

Following Siegel we may now introduce spin connections uabc for the local GL{D) x GL{D) 
symmetry and impose covariant constraints in order to determine (part of) them in terms of 
the physical fields. These spin connections then uniquely determine Christoffel connections by 
means of a vielbein postulate as follows. We introduce a covariant derivative D with respect 
to the spin and Christoffel connection and postulate that the frame field e^*^ is covariantly 
constant: 

DueA'' = dMeA^" + rMK''eA'' + ujMA'eB'' = 0. (A.4) 

Here 

^MA = ejv/ UJcA ■ 

Note that 

Dm5a^ = 0. (A.5) 

Because of the factorized gauge group, the non-vanishing spin connections are ojmo' and uJun' ■ 
The covariant derivative Dm reduces to the covariant derivative V^f discussed in this paper 
when acting on tensors with only curved indices. Moreover, the covariant derivative 

Da = ca^Dm (A.6) 

reduces to the flat covariant derivative Va of Siegel when acting on tensors with only GL{D) x 
GL{D) indices. Thus, with the vielbein being covariantly constant, any statement about 'tan- 
gent space' objects can be translated into a statement about 'world' objects and viceversa, in 
precise analogy to conventional Riemannian geometry. For instance, by ()A.4p the Christoffel 
connection is determined by the frame field and the spin connection according to 

'^MNK = —eu'^eN^eK^LOABC — eN^dMeAK ■ (A. 7) 

In the following we will show that the constraints of Siegel imply via ()A.4p our constraints (1)- 
(4) on r and thus that the frame formalism of Siegel is equivalent to the metric-like formalism 
discussed in this paper. 

The frame formulation imposes the following constraints on the spin connection: 
(i) The tangent space metric (lA.ip is covariantly constant, 

Va6^bc = 0. (A.8) 
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Since Qbc has only flat indices, the above implies that 

DaGbc = ^ DmGbc = 0. (A.9) 

Because of (IA.4P and (IA.5p . we have that cm^ is also covariantly constant and thus we 
can write 

DM{eN^eK^gBc) = ^ DumK = 0, (A.IO) 

by use of (jA.ip . Since rj only has 0{D,D) indices, the last equation above implies 
^ M^lNK = 0, which is constraint (1). Moreover, we now readily derive the covariant 
constancy of P, P and therefore of thus implying constraint (3). For example, 

VmPn"" = DmPn^ = DMieaNe^"") , (A.ll) 

where in the last step we noted that when Dm acts on an object Ra^ with a contracted 
flat index there is no contribution from the spin connection. Given the diagonal form of 
the spin connection components the same is true for the action of Dm on an object of the 
form or Ra°'. Thus we are allowed to use the full covariant derivative Dm in the last 
expression above. Since L'a/ is a derivation and the vielbeins are covariantly constant we 
conclude that VmPn^ = 0. 

(ii) The second constraint requires that in the C-bracket 

= - l^iNd^'C^ -(1^2), (A.12) 

we can flatten the indices by introducing covariant derivatives as follows, 

[6,6]c ^ eM^[Ci,^2]c = ^i'^bC^ - l^iBV^^i - (1 o 2) . (A.13) 
Since the derivatives act on flat indices we can replace V by D and the constraint becomes 

[6,6]^ = ^?Db^^ - I^ibD^^^ -(1^2). (A.14) 

This constraint implies the generalized torsion constraint (2) in the form (|2.17p . In order 
to see this we recall that eqs. (3.29)-(3.30) in [3] show that the generalized Lie derivative 
can be written in terms of the C-bracket as 

C^V' = [C,^]c = [e,^]^eA^ + ^V^^(F^^iv), (A.15) 

where we used that the partial derivative of the scalar V^^n coincides with the covariant 
derivative. Inserting ()A.14p we obtain 

C^V'' = (e^D^y^-y^D^e^-leBZ^^y^ + iy^Z^V) eA^'+lv'^'iV^CN) ■ (A.16) 

Using the covariant constancy of the vielbein and converting all indices into curved indices 
we can replace D's by V's and obtain 

2 2 2 ' ' (A.17) 

We recovered (j2.17p and thus constraint (2), as we wanted to show. 
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(iii) The third constraint requires 



/ 



-2d TrA 



V^VaV . 



(A.18) 



We can replace V by D: 



/ 



-2d 



VDaV . 



(A.19) 



On the right-hand side we can immediately pass to 0{D,D) indices. On the left-hand 
side this requires use of ()A.4p . We thus find 



Replacing by V, as is allowed now, we obtain (12.24p . thus implying constraint (4). 
Alternatively, the constraint can also be verified explicitly by inserting eq. (2.37) of [7] 
into the trace of (lA.7p . from which we recover (j2.25p . 

In total, the constraints (i)-(iii) of the frame formalism imply, via (|A.4p . the constraints 
(l)-(4) of the metric-like formalism, thereby establishing the equivalence of both formulations. 
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